It was recently discovered that inclusions and other types of inhomogeneities can be nondestructively detected by thermoelectric measurements in an entirely noncontact way by using high-sensitivity superconducting quantum interference device magnetometers to sense the weak thermoelectric currents around the affected region when the specimen is subjected to directional heating or cooling. In this article we present theoretical models capable of predicting the magnetic field produced by thermoelectric currents around spherical and cylindrical inclusions under external thermal excitation. We investigated how the magnetic signal to be detected depends on ͑i͒ the relevant physical properties of the host and the inclusion, ͑ii͒ the size of the inclusion, ͑iii͒ the depth of the inclusion below the surface of the specimen, ͑iv͒ the polarization of the magnetometer, ͑v͒ the lift-off distance of the magnetometer from the specimen, and the ͑vi͒ direction and ͑vii͒ strength of the external heating or cooling applied to the specimen. The analytical models presented are numerically evaluated to illustrate the strength and polarization of the magnetic field for different lift-off distances and inclusion depths.
I. INTRODUCTION
Ordinary thermocouples use the well-known Seebeck effect to measure the temperature at the junction of two different conductors. The electromotive force generated by the heat depends on the difference between the respective thermoelectric powers of the contacting metals and the junction temperature. Figure 1 shows a schematic diagram of the thermoelectric measurement most often used in nondestructive materials characterization. One of the reference electrodes is heated by electrical means to a preset temperature of 100-300°C, pretty much like the tip of a temperature-stabilized soldering iron, and connected to the inverting ͑Ϫ͒ input of the differential amplifier driving the indicator. The other electrode is left cold at essentially room temperature and connected to the noninverting ͑ϩ͒ input. The measurement is done quickly in a few seconds to assure ͑i͒ that the hot reference electrode is not perceivably cooled down by the specimen and ͑ii͒ that the rest of the specimen beyond that close to the vicinity of the contact point is not perceivably warmed up. Assuming that the relative thermoelectric power of the specimen with respect to the reference electrode S SR ϭS S ϪS R does not change significantly between the temperatures of the hot T h and cold T c junctions, the measured thermoelectric voltage can be roughly approximated as V SR Ϸ(T h ϪT c )S SR .
Ideally, regardless of how high the temperature difference between the junctions is, only thermocouples made of different materials, i.e., materials of different thermoelectric powers, will generate thermoelectric signals. This unique feature makes the simple thermoelectric tester one of the most sensitive material discriminators used in nondestructive inspection. The thermoelectric power of metals is sensitive to a variety of material properties that can affect the measurement. Clearly, chemical composition exerts the strongest effect on the thermoelectric properties and, accordingly, the basic application of thermoelectric materials characterization is metal sorting.
1 However, it is known that under special conditions materials of identical chemical composition can also produce an efficient thermocouple as a result of different heat treatments, hardening, texture, fatigue, etc., which can be further exploited for nondestructive testing of materials.
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As we mentioned above, the fundamental assumption in nondestructive thermoelectric testing is that, although the measured voltage might be somewhat uncertain because of inevitable variations in the contact temperature, identical materials do not produce any thermoelectric voltage. Consequently, small differences in the thermoelectric power can be unequivocally detected by using a reference electrode that is very similar to the materials to be tested. However, the inherently imperfect contact between the specimen and the reference electrode can produce a significant thermoelectric signal even if the measuring electrodes are made from the very same material as the specimen. 4 This thermoelectric offset can be reduced, but not entirely eliminated, by decreasing the thermal and electrical resistance between the specimen and the reference electrode ͑e.g., by cleaning or imposing higher contact pressure͒. Ultimately, the presence of this imperfect contact limits the detectability of small variations in material properties by the conventional thermoelectric technique. When subtle local variations such as texture, hardening, fatigue damage, or weak impurities are to be detected, the best sensitivity can be achieved by using the surrounding intact material as the reference electrode. This so-called selfreferencing method not only provides an ideal reference material, but also automatically eliminates the above mentioned spurious thermoelectric offset caused by having a less than perfect artificial interface between the part to be tested and the surrounding intact reference material. Figure 2 shows an example of how the self-referencing thermoelectric measurement can be used with contact electric sensing to detect local inhomogeneities such as imperfect interfaces 4 or plastic deformation and the accompanying localized texture. 5 Let us assume that the center part of the bar went through a process that increased its thermoelectric power with respect to the rest of the material and that we are to detect the presence of this change. In order to generate a measurable thermoelectric voltage between the ends of the specimen, strong axial temperature variations are induced in it by the application of a cooling spray at different points as indicated. For example, when the right side of the affected zone is temporarily cooled down with respect to the rest of the specimen, a negative electrical signal is measured between the ends of the bar. Conversely, when the cooling is applied to the left side of the affected zone, a positive electrical voltage is detected. By virtue of symmetry, no electrical signal is detected when the center part of the affected zone is cooled. Finally, no electrical signals are detected when the cooling is applied to the intact part of the specimen on either side of the affected zone, assuming that it is not too close to the ends where the contacting electrodes are attached. This self-referencing method still uses an external voltmeter to detect the thermoelectric signal via contact electrodes attached to the ends of the specimen. Here, these electrodes do not act as reference materials anymore since the contact temperatures at the ends of the specimen are not supposed to change significantly, at least not during the short time the measurement is made. It should be mentioned that a seemingly similar arrangement can be used to characterize the thermal diffusivity and conductivity of thin layers of different materials, especially semiconductors, using laser heating. [6] [7] [8] However, in these studies the material is assumed to be homogeneous and the transient thermoelectric signal is caused by the asymmetric temperature variations at the two ends, where the contact electrodes are attached.
It was recently demonstrated by Hinken and Tavrin that self-referencing thermoelectric measurements can be also done in an entirely noncontact way by using high-sensitivity magnetic detectors to sense the weak thermoelectric currents around inclusions and other types of inhomogeneities when the specimen to be tested is subjected to directional heating or cooling.
9,10 Figure 3 shows a schematic diagram of a selfreferencing thermoelectric measurement with noncontact magnetic sensing. External heating or cooling is applied to the specimen to produce a substantial temperature gradient in the region to be tested. As a result, different points of the boundary between the host material and the inclusion will be at different temperatures, therefore also at different thermoelectric potentials. These potential differences will produce opposite thermoelectric currents inside and outside the inclusion. The thermoelectric currents form local loops that run in opposite directions on the opposite sides of the inclusion relative to the prevailing heat flux, as is indicated in Fig. 3 . When the specimen is scanned with a sensitive magnetometer, such as a superconducting quantum interference device ͑SQUID͒ detector, the magnetic field of these thermoelectric currents can be detected even when the inclusion is buried below the surface and the sensor is as far as a couple of centimeters from the specimen. 9, 10 The feasibility of such self-referencing thermoelectric measurements by noncontact magnetic sensing crucially depends on the unique sensitivity of state-of-the-art SQUID magnetometers that offer equivalent noise levels as low as 10
Ϫ13
T/ͱHz in the frequency range between 1 and 30 Hz. High-temperature superconductor ͑HTS͒ SQUID magnetometers and gradiometers operating at the temperature of liquid nitrogen are currently used for noncontact detection of weak magnetic fields in a number of applications. These include magnetocardiography for diagnosis of cardiac arrhythmia, 11 nondestructive evaluation ͑NDE͒ for very deep eddy-current flaw detection, [11] [12] [13] and detection of small ferrous inclusions in aircraft engine disks, 14 and electromagnetic geological prospecting.
11
The recent adaptation of SQUID magnetometers for noncontacting sensing of thermoelectric currents will undoubtedly lead to a new surge of activity in thermoelectric NDE. The potential applications of this method cover a very wide range from detection of inclusions, inhomogeneities, and tight cracks to characterization of hardening, fatigue, texture, and residual stresses. However, the primary applications initially will be probably aimed at detection of metallic segregations and other localized inhomogeneities.
The primary goal of this article is to help lay down the foundations for the development of this new emerging NDE method by modeling the magnetic field produced by thermoelectric currents around spherical and cylindrical inclusions under the influence of external heating or cooling. We will investigate how the magnetic signal to be detected depends on ͑i͒ the relevant physical properties of the host and the inclusion, ͑ii͒ the size of the inclusion, ͑iii͒ the depth of the inclusion below the surface of the specimen, ͑iv͒ the polarization of the magnetometer, ͑v͒ the lift-off distance of the magnetometer from the specimen, and the ͑vi͒ direction and ͑vii͒ strength of the external heating or cooling applied to the specimen. Towards this end, we will first summarize the theory of coupled transport of electricity and heat in metals that leads to a variety of thermoelectric phenomena in such materials. Then, we will apply this theory to solve the coupled thermal and electrical conduction problem for a spherical inclusion buried in an otherwise homogeneous, isotropic, infinite medium and derive the accompanying magnetic field. Analogous results will be also derived for a cylindrical inclusion aligned normally to the local heat flow. Next, we will exploit certain symmetry properties of our models to extend our results to both surface-breaking and deeply buried spherical inclusions in an otherwise homogeneous half space. Finally, these analytical models will be numerically investigated to determine the strength and polarization of the magnetic field for different lift-off distances and inclusion depths.
II. THEORY
Thermoelectricity is a result of intrinsically coupled transport of electricity and heat in metals. The electrical current density j and thermal flux h produced by a given combination of electrochemical potential ⌽ and temperature T distributions are given by
where denotes the electrical conductivity measured at uniform temperature, is the thermal conductivity for zero electrical field, and ⑀ and ⑀ are thermoelectric coupling coefficients that can be expressed by the absolute thermoelectric power S of the material as ⑀ϭS and ⑀ ϭST. The thermal conductivity for zero electrical field can be easily expressed by the thermal conductivity of the material for zero electrical current k, which is often easier to determine experimentally as ϭkϩS 2 T. The difference between these two thermal conductivities is due to the thermoelectric coupling in the material. We can write that ϭk(1ϩ), where ϭS 2 T/k is a dimensionless factor that provides a measure of the degree of coupling between thermal and electrical transports. For typical metals, the coupling factor is relatively small, somewhere between 10 Ϫ3 and 10 Ϫ2 , an important fact that will be exploited in our calculations that follow.
The total energy flux hϩ⌽j includes the thermal flux plus an additional term that represents changing electrochemical potential of the electrons. The rate at which heat is evolved, per unit volume, at any point in the material is
where C is the specific heat and we exploited Maxwell's law that
If we now assume the coupling coefficients ⑀ and ⑀ to be small such that their individual squares and products can be neglected, then for thermal loading we can neglect the nonlinear term, namely, ٌ⌽•j, in Eq. ͑2͒. Finally, for steady state thermal loading, this equation further reduces to
Imposing the requirements, Eqs. ͑3͒ and ͑4͒ on Eq. ͑1͒ and noting that Ϫ⑀⑀ 0 dictates that the Laplacian of T and ⌽ vanish individually, namely,
and
For a homogeneous isotropic medium, , , ⑀, and ⑀ are scalar quantities that do not depend on the spatial coordinates, although generally they do depend on temperature, especially ⑀ and ⑀ . In first-order approximation of Eq. ͑1͒, the temperature dependence of can be neglected and the curl of the thermoelectric current ٌϫjϭϪٌϫٌ⌽Ϫ⑀ٌ ϫٌTϪ(‫ץ/⑀ץ‬T)ٌTϫٌT is zero. Actually, this outcome does not change even if the temperature dependence of is accounted for by an additional term Ϫ(‫ץ/ץ‬T)ٌTϫٌ⌽, since ٌT will be parallel with ٌ⌽. Since the divergency of the thermoelectric current is inherently zero, in the absence of an external electric source, the current density itself must be identically zero everywhere in the medium. This means that, regardless of the size, shape, and material properties of a homogeneous isotropic specimen, no thermoelectric currents will be generated by any type of heating or cooling. In other words, the presence of any magnetically or otherwise detected thermoelectric current will positively identify the specimen as either inhomogeneous or anisotropic.
A. Infinite homogeneous medium containing a spherical inclusion
First, we will consider an infinite homogeneous medium ͑host͒ containing a spherical inclusion of a different material having radius a. To differentiate between the properties of the two media, we designate those of the inclusion by a prime. The system is subjected to a thermal flux h 0 far away from the inclusion and directed along the x 3 axis of the Cartesian coordinate system (x 1 ,x 2 ,x 3 ) as illustrated in Fig. 4 . In the absence of the inclusion, solutions to the coupled field equations, presented above are
It will be advantageous to introduce a spherical polar coordinate system (r,,) so that is the polar angle measured from the x 3 direction and is the azimuthal angle measured from the x 1 direction. In these spherical coordinates, Eqs. ͑6a͒ and ͑6b͒ can be expressed as
and ⌽ 0 ϭ ⑀h 0 r cos . ͑7b͒
With these solutions as a guide, in the presence of the spherical inclusion we seek solutions of the form Tϭ f ͑ r ͒cos , ͑8a͒
and ⌽ϭg͑r ͒cos . ͑8b͒
These solutions have to satisfy Eqs. ͑5a͒ and ͑5b͒, respectively. For the axisymmetric situation under consideration, the Laplacian operator in spherical coordinates is widely available and is given as
͑9͒
Combinations of Eqs. ͑8a͒, ͑8b͒, and ͑9͒ lead to the following formal solutions for the temperature and electric potential for both the host and the inclusion:
TЈϭDr cos , ͑10c͒
and ⌽ЈϭD*r cos , ͑10d͒
where the bondedness of the solutions at rϭ0, i.e., at the center of the inclusion, is satisfied and A, A*, B, B*, D, and D* are currently unknown constants to be determined from the appropriate boundary conditions. At the interface between the host and the inclusion (rϭa), the interface continuity conditions require that both the temperature and the electrical potential be continuous, namely,
TϭTЈ, ⌽ϭ⌽Ј. ͑11͒
Furthermore, the normal ͑radial͒ components of both the electrical current density and thermal flux are also continuous at rϭa, j r ϭ j r Ј ,h r ϭh r Ј .
͑12͒
It should be mentioned that the continuity of the thermal flux is an approximation based on Eq. ͑4͒, which is used instead of the continuity of the total energy flux of Eq. ͑2͒ in the weak thermoelectric coupling approximation. As such, it clearly neglects the so-called Peltier heat generated at the interface between the host and the inclusion as a result of the weak thermoelectric currents. The unknown constants A, A*, B, B*, D, and D* can be determined by imposing the conditions of Eqs. ͑11͒ and ͑12͒ on the formal solutions, Eqs. ͑10͒, and requiring that in the limit of r→ϱ the solutions, Eqs. ͑10a͒ and ͑10b͒, reduce to Eqs. ͑7a͒ and ͑7b͒. After some algebraic reductions while exploiting small coupling we obtain . ͑16͒
Of course similar expressions can be obtained for h and hЈ, but need not be reported here.
It now remains to obtain expressions for the magnetic field components H and H Ј . We recall that the electrical current density j is related to the magnetic field H by
ٌϫHϭj. ͑17͒
In spherical coordinates, we have
where we exploited the fact that, due to the axial symmetry of the problem, both H r and H identically vanish everywhere. From Eqs. ͑14͒, ͑17͒, and ͑18͒ we solve for H as
Similarly, from Eqs. ͑15͒, ͑17͒, and ͑18͒ we obtain an expression for H Ј ,
B. Infinite homogeneous medium containing a cylindrical inclusion
For an infinitely extended cylindrical inclusion along the x 1 direction, the field distributions will be independent of x 1 . Using cylindrical coordinates, formal solutions will lead to a set of equations similar to those of Eqs. ͑10a͒-͑10d͒ with the minor modification of replacing the 1/r 2 coefficients of B and B* with 1/r and assuming that A, A*, B, B*, D, and D* are new constants that need to be derived from the continuity and boundary conditions of Eqs. ͑11͒ and ͑12͒ once again. Following the steps used in deriving these constants for the spherical inclusion, we finally get where G c now takes the appropriate form of
It is important to recognize that, except for some numerical constants, the thermoelectric contrast represented by G c is essentially the same as the previously derived G s for spherical inclusions. After similar analysis to those of Eqs. ͑17͒ and ͑18͒, the current distributions lead to a magnetic field parallel to the axis of the cylindrical inclusion as follows:
III. NUMERICAL RESULTS
In Secs. I and II, we assumed that the host is infinite so that the analysis could be simplified as a result of the perfect axial symmetry. In particular, due to this axial symmetry, T, ⌽, h, j, and H were all independent of , and h , j , H r , and H all vanished. Needless to say this assumption renders the problem somewhat hypothetical since the magnetic field cannot be practically measured inside the specimen. In order to realistically model a large but finite-size specimen, we have to either truncate or section the infinite specimen so that the measurement of the magnetic field can be done on the outside. Generally, this requirement renders the calculations very difficult since the spatial distribution of the thermoelectric current density becomes distorted because all the current that would otherwise spread out as 1/r 3 is squeezed inside the contour of the finite specimen. In order to show how dramatically this will affect the magnetic field, let us consider a cylindrical specimen of radius b with its axis along the x 3 direction. Unless bӷa, the thermoelectric current density distribution will be significantly different from that in an infinite medium, but it will still be axisymmetric. In this case, the resulting magnetic field can be readily calculated from Stokes' theorem,
where the integrations on the left and right sides are carried out over the circumference and the area of the same continuous surface, respectively. Outside the specimen (rϾb), j ϭ0 so that the total electrical current on the right side of Eq. ͑27͒ is identically zero, therefore the magnetic field completely vanishes. It is clear that, by virtue of Stokes' theorem, any other axisymmetric arrangement would also result in the complete disappearance of the external magnetic field. In other words, the magnetic field to be measured in the case of an embedded inclusion is caused by asymmetric distortion of the thermoelectric current distribution and it will be inevitably rather weak. This means that noncontacting magnetic detection of a spherical inclusion is possible only if it is close enough to the surface of the specimen so that the thermoelectric currents are deflected by the surface contour. Otherwise, the thermoelectric currents form a toroid that produces no magnetic field on the outside.
To simplify the following calculations, all spatial coordinates will be normalized to the radius of the spherical inclusion as ϭx/a. The magnetic field can be also written in a normalized form as HϭH 0 F(), where H 0 ϭah 0 G s combines the size of the inclusion a, the thermoelectric contrast G s , and the externally induced heat flux h 0 into a single scalar constant that characterizes the strength of the magnetic field while F͑͒ is a universal spatial distribution function for all spherical inclusions. In order to better facilitate the estimation of the absolute strength of the magnetic field in a given experimental arrangement, we can rewrite H 0 with the temperature gradient ٌT that would prevail in the vicinity of the inclusion if it were not there. From Eq. ͑6a͒, h 0 ϭϪٌT and
where S SR ϭSЈϪS is the relative thermoelectric power of the inclusion with respect to the host and ⌫ s is the normalized contrast coefficient,
For a cylinder, the corresponding normalized contrast coefficient is
It should be noted that, for weak material inhomogeneity ͑ЈϷ and ЈϷ), the normalized contrast coefficients of spherical and cylindrical inclusions approach 1/3 and 1/2, respectively. For a rough estimate of the strength of the magnetic field, let us assume that a modest ٌTϭ1°C/cm temperature gradient is maintained in a 7075-T6 aluminum alloy specimen (ϭ1.9ϫ10 7 A/V m) containing a spherical inclusion of aϭ1 mm. The thermoelectric power of most metals is in the Ϯ10 V/°C range, therefore we assume that the relative thermoelectric power of the inclusion with respect to the host is a modest S SR ϭϪ0.1 V/°C. With these parameters, we get H 0 Ϸ0.063 A/m or, in terms of magnetic flux density, B 0 Ϸ80 nT. In comparison, the noise limited detection threshold of a SQUID magnetometer is approximately 1 pT over a frequency bandwidth of 1-30 Hz. Most structural metals however have much lower electrical conductivity than aluminum. For example, in Ti-6Al-4V, the most popular aerospace titanium alloy, the electrical conductivity is Ϸ5.8ϫ10
5 A/V m, therefore the corresponding magnetic flux density is only B 0 Ϸ2.4 nT. Of course, the actual magnetic flux density to be detected further away from the inclusion will be significantly lower than B 0 because of the strong divergency of the field. In Secs. III A and III B we will calculate the spatial distribution function F͑͒ that describes this divergency effect for different geometrical arrangements.
A. Half space with a surface-breaking spherical inclusion
The closer the inclusion is to the surface, the stronger the outside magnetic field. Maximum detectability is reached when the inclusion is cut halfway through by the surface as is shown in Fig. 5 . In this case, the coupled thermoelectric problem in the remaining half space is exactly the same as it was before, although the resulting magnetic field is not axisymmetric anymore. In particular, T, ⌽, h, and j will be still independent of , and h and j both vanish in both the host and the inclusion, but H will now depend on , and neither H r nor H will automatically vanish. Actually, it is advantageous to describe the magnetic field in Cartesian coordinates since in that way at least one of the components, namely, H 3 , does identically vanish. This can be easily illustrated by recasting Eqs. ͑19͒ and ͑20͒ as follows: 
Fϭ
for the host and
for the inclusion, where i and j are the Cartesian unit vectors in the x 1 and x 2 directions, respectively. Directly on the surface of the half space, the normal magnetic field can be easily calculated from our previous results. It is clear from symmetry considerations that in the infinite case the top (x 1 Ͼ0) and bottom (x 1 Ͻ0) half spaces contributed equally to H 1 in the x 2 , x 3 plane, while they completely canceled each other in H 2 and H 3 . Therefore, after removing the top half space, H 1 will be exactly half of the azimuthal magnetic field previously given in Eqs. ͑19͒ and ͑20͒. It should be mentioned that H 2 does not vanish anymore even in the x 2 , x 3 plane. Since the magnetic field of the thermoelectric current is no longer axisymmetric, the magnetic field sought cannot be simply calculated from Stokes' theorem and we have to rely on the Biot-Savart law,
where the integration is carried out over the entire half space, V, and inside the inclusion j should be substituted by jЈ. In order to illustrate the magnetic field produced by thermoelectric currents flowing around the inclusion, we will present some examples of the numerical results obtained from Eq. ͑33͒. Figures 6 and 7 show, respectively, the surface ( 1 ϭ0, 2 , 3 ) and lateral ( 1 , 2 , 3 ϭ0) scans of the normal (F 1 ) component of the normalized magnetic field for a surface-breaking spherical inclusion ͑i.e., a half sphere with its center lying on the surface͒. Physically, 1 represents the normalized vertical lift-off distance from the surface and 2 is the normalized horizontal distance from the center of the inclusion in the lateral direction. As we have shown above, directly on the surface the normal component is exactly known as the half of what is predicted by Eqs. ͑31͒ and ͑32͒, i.e., F 1 ( 1 ϭ0, 2 , 3 ϭ0)ϭϪ 2 /2 for ͉ 2 ͉р1 and Ϫ1/( 2 2 2 ) or ϩ1/( 2 2 2 ) depending on whether 2 is positive or negative. It is important that the normal component of the magnetic field changes sign as the probe is scanned laterally ͑i.e., perpendicular to the induced temperature gradient͒, a characteristic feature that can be exploited for detection purposes. Figures 8 and 9 , respectively, show the lateral ( 1 , 2 , 3 ϭ0) and axial ( 1 , 2 ϭ0, 3 ) scans of the tangential (F 2 ) component of the normalized magnetic field for the same surface-breaking spherical inclusion. Physically, 3 although it extends roughly twice as far in the axial direction than in the lateral one. However, the tangential component of the magnetic field is somewhat less practical to measure than the normal one. It should be also mentioned that, due to the remaining symmetry of the problem, the normal component of the magnetic field does vanish along the axial direction.
One feature of particular importance from a practical point of view is the so-called lift-off curve, i.e., the dependence of the magnetic field to be detected on the distance between the surface of the specimen and the probe. Figure 10 shows the lift-off curves for the maximum normal F 1 ( 1 , 2 ϭϪ1, 3 ϭ0) and lateral F 2 ( 1 , 2 ϭ0, 3 ϭ0) components of the magnetic field above the surface. The normal component, which exhibits a sharp peak at the point of observation, initially decays much faster than the tangential component, although at large distances this difference becomes less pronounced.
B. Half space with a subsurface spherical inclusion
In order to simulate fully embedded hidden inclusions, we will assume that the center of a spherical inclusion lies below the surface at a depth d deeper than its radius, i.e., it is not breaking the surface at all. In this case, symmetry to the sectioning plane can be retained by considering a pair of spherical inclusions, shown in Fig. 11 . By assuming that the inclusions are only slightly different from the host or the separation 2d between them is large with respect to their radius a, the interaction between the two inclusions can be neglected and the resulting thermoelectric current distribution can be approximated simply by superimposing the currents produced by the individual inclusions as calculated from Eq. ͑19͒. Because of its simplicity, we will adapt this approximation to spherical inclusions embedded below the surface at shallow depths, therefore the predictions of our model will be realistic only when the thermal and electrical conductivities of the inclusion are similar to those of the host, i.e., in the weak contrast limit. In this case, we have to replace 1 by 1 ϩ␦ in Eqs. ͑31͒ and ͑32͒, where ␦ϭd/a denotes the normalized depth, so that
for the inclusion. Directly on the surface ( 1 ϭ0), the normal component of the magnetic field can be readily obtained from Eq. ͑34͒ as
The normalized tangential component can be similarly obtained from Eq. ͑34͒ as 
F 1 always reaches its maximum of ͱ12/(9␦ 2 )Ϸ0.4/␦ 2 at 2 ϭϪ␦/&, 3 ϭ0 (ϭ90°, ϭϪ45°). In comparison, F 2 reaches its maximum of 1/␦ 2 at 2 ϭ0, 3 ϭ0 (ϭ90°, ϭ0), i.e., deeply buried inclusions can be somewhat better detected by sensing the tangential component of the magnetic field. Figure 12 shows the surface scan ( 1 ϭ0, 2 , 3 ) of the normal (F 1 ) component of the normalized magnetic field for a subsurface spherical inclusion at a normalized depth ␦ ϭ1 based on Eq. ͑36͒. This distribution is obviously very similar to that of a surface-breaking inclusion was previously shown in Fig. 6 , except that the sharp peaks are more rounded and accordingly the peak values are slightly reduced. Figure 13 shows the surface scan ( 1 ϭ0, 2 , 3 ) of the tangential (F 2 ) component of the normalized magnetic field for a subsurface spherical inclusion at a normalized depth ␦ϭ1 based on Eq. ͑37͒. As expected, the tangential component exhibits a single peak of unity magnitude. One of the most crucial questions is how deeply inclusions can be buried and still detected. Figure 14 shows the maximum normal F 1 ( 1 ϭ0, 2 ϭϪ␦/&, 3 ϭ0) and tangential F 2 ( 1 ϭ0, 2 ϭ0, 3 ϭ0) components of the normalized magnetic field on the surface for a subsurface spherical inclusion as a function of the normalized depth ␦. The magnetic field to be detected rapidly decreases with the depth of the inclusion.
The normal component drops from F 1 Ϸ0.4 at ␦ϭ1 to as low as F 1 Ϸ0.024 at ␦ϭ3. This sharp decay bodes ill for detection of inclusions buried deeply in the specimen, although our previous example indicates that, thanks to the exceptional sensitivity of SQUID magnetometers, we might tolerate F 1 values as low as 10 Ϫ3 /10 Ϫ4 .
IV. CONCLUSIONS
It was recently discovered by Hinken and Tavrin that inclusions and other types of inhomogeneities can be nondestructively detected by thermoelectric measurements in an entirely noncontact way using high-sensitivity magnetometers to sense the weak thermoelectric currents around the affected region when the specimen to be tested is subjected to directional heating or cooling. 9, 10 Based on the theory of coupled transport of electricity and heat in metals, we presented theoretical models capable of predicting the magnetic field produced by thermoelectric currents around spherical and cylindrical inclusions under external thermal excitation. First, we applied this theory to solve the coupled thermal and electrical conduction problem for such inclusions in an oth- 1 ϭ0, 2 ϭ0, 3 ϭ0) components of the normalized magnetic field on the surface for a subsurface spherical inclusion as a function of the normalized depth.
erwise homogeneous, isotropic, infinite medium and derived the accompanying magnetic field. Then, we exploited certain symmetry properties of our models to extend our results to both surface-breaking and deeply buried spherical inclusions in an otherwise homogeneous half space. Finally, we used these analytical models to determine how the magnetic signal to be detected depends on ͑i͒ the relevant physical properties of the host and the inclusion, ͑ii͒ the size of the inclusion, ͑iii͒ the depth of the inclusion below the surface of the specimen, ͑iv͒ the polarization of the magnetometer, ͑v͒ the lift-off distance of the magnetometer from the specimen, and the ͑vi͒ direction and ͑vii͒ strength of the external heating or cooling applied to the specimen. We found that, in the vicinity close to the inclusion, the absolute strength of the magnetic signal is fairly strong, certainly detectable by sensitive SQUID magnetometers. We also found that although the strength of the signal rapidly decreases with increasing inclusion depth, the decrease is quadratic with distance, i.e., less severe than the exponential decay characteristic to the so-called skin effect of eddy-current inspection.
